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Abstract

In 1993, Bourgain introduced the Fourier Restriction Spaces, or X*°, in order to prove
local well-posedness of nonlinear Schrodinger and Korteweg-de Vries type equations,
through a contraction mapping argument. By taking advantage of the localisation of
the space-time Fourier Transform of the linear solution, and certain properties of the
nonlinearity, it led to improvements on previous results. Through the years, the idea
was followed by many authors and further developed, leading to the Fourier Restriction
Norm Method.

We present a selection of known results, for cubic and quintic nonlinear Schrédinger
equation, in one dimension, and for Korteweg-de Vries type equation, in the periodic
setting. In particular, we focus on linear estimates for general dispersive equations, and
proceed to equation specific estimates, such as Strichartz and nonlinear estimates.
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1 Introduction

In 1993, Jean Bourgain proposed a harmonic analytic method to prove local well-posedness
(LWP) of nonlinear evolution equations, in the periodic setting. The focus was on Non-
linear Schrodinger (NLS) and Korteweg-de Vries type equations, using a contraction
mapping argument in spaces that exploit both linear and nonlinear properties of the
equation. The method was picked up by many authors and further developed, known as
the Fourier Restriction Norm Method.

At the heart of the method is the nonlinear solution as a perturbation of the linear one.
The underlying spaces, Fourier restriction norm spaces or X*°, capture the localisation
of the space-time Fourier transform of the linear solution, and the fact that certain
nonlinearities have a weaker effect than the dispersion on the solution, at least for a
short time.

It is relevant to point out that the modern version of X*’-spaces is due to Bourgain,
but it was first mentioned in the works of Rauch-Reed [7] (one dimension) and Beals [1]
(higher dimensions) in the context of the wave equation. However, they were only used
in the context of LWP in 1993, by Bourgain [2|, for NLS and KdV, and Klainerman-
Machedon [8], for the wave equation.

Our goal is to study the Fourier Restriction Norm Method applied to NLS and KdV,
in the periodic setting, closely following results in [2, 4, 5, 6, 9]. We start by introducing
the relevant equations. The nonlinear Schrédinger equation

jOpu + Au = EfufP!
{ZW+ u=EHul e R C (NLS)

uli=0 = U

is of great importance in Physics, used to describe propagation of light in nonlinear optical
fibers, Bose-Einstein condensates among many others. Similarly, the Korteweg-de Vries
type equations

, w:RxT—R (KdV)
uli—o = uo

{(%u + O2u = +uPOLu

describe, for instance, the propagation of long waves in shallow water and plasma physics.
They are classified depending on the nonlinearity: p = 1, Korteweg-de Vries equa-
tion (KdV); p = 2, modified Korteweg-de Vries equation (mKdV); p > 3, generalised
Korteweg-de Vries equation (gKdV).

Regarding NLS, the LWP results in [2] can be summarised as follows: NLS is LWP
in H*(T¢) with

i d = 17 P - 1 < 1—4ﬁ7

e d=2,p—12>2 and sufficiently small data;

¢ d=3p=315>4;

e d>4,d>4for2<p—1< 72 and s> 3P4

Similarly, for KdV, Fourier Restriction Norm Method was used for the following results:
the following equations are LWP in H*(T)
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e KdV for s >0 [2] and s > —3 [4, 6];
e mKdV for s > 3 [2];
o gKdV for s > 1 [5].

For a space X C CyHj;, we intend to show the existence of a finite time 7" such that
for all up € H*(T?),

1. Existence: there exists u in X' ([0, 7] x T¢) which satisfies the equation, with initial
data ug,

2. Uniqueness: u is a unique solution in X' ([0, 7] x T%),

3. Continuous dependence on initial data: the map T': H*(T9) — X([0, T] x T%) from
initial data to solutions, is locally uniformly continuous with respect to initial data.

When considering a contraction mapping argument, showing LWP reduces to proving
that the solution map is a contraction in an appropriate space and proving uniform
continuity of the map. To that end, one requires an adequate space for the linear solution,
X% and linear estimates, a space for the nonlinearity and nonlinear estimates.

In Chapter 2, we introduce the framework of the method, focusing on the linear equa-
tion and the contraction mapping argument. The linear equation is treated in generality,
for any constant coefficients differential operator, with introduction of the Duhamel’s
formulation. The localisation of the space-time Fourier transform of the linear solution
motivates the introduction of the X**-spaces. The relevant properties of such spaces (du-
ality, embeddings, behaviour under translations and complex conjugation) are mentioned
to improve their understanding. In addition, the homogeneous and inhomogeneous lin-
ear estimates are proven, as well as auxiliary results (Time Localisation estimate and
Transference Principle), reducing the problem of LWP to showing nonlinear estimates.

Chapter 3 focuses on the nonlinear Schrodinger equation, namely cubic and quintic
on the one-dimensional torus. We present Strichartz estimates introduced by Bourgain,
needed for the nonlinear estimates. Lastly, the LWP results are stated and proven.

In Chapter 4, we introduce the analogous theory for KdV. It requires similar spaces
Y5 needed for the contraction mapping argument. The nonlinearity is treated by two
estimates: the bilinear estimate (by Kenig, Ponce and Vega) and a multilinear estimate,
needed for mKdV and gKdV (due to Colliander, Keel, Staffilani, Takaoka and Tao). The
bilinear estimate imposes certain conditions on the nonlinearity, which are shown to be
necessary through counter-examples.



2 Framework

The Fourier Restriction Norm Method uses a contraction mapping argument to show
local well-posedness of nonlinear evolution equations. We reduce solving the Partial
Differential Equation (PDE) to showing that the solution map I',, has a unique fixed
point u, 'y, (u) = u. Thus, it suffices to fulfil the conditions for the Banach Fixed Point
Theorem, i.e., I'y, is a contraction in an appropriate space. Moreover, we require I, to
have continuous dependence on the initial data ug.

Let Br € X% a ball of radius R. It suffices to show that

° FUOZI%{—é_BR,
e I',, is Lipschitz continuous in Br, with constant less than 1,
e I',, is uniformly continuous with respect to the initial data u.

In this chapter, we introduce the framework for the method, in the periodic setting,
for a general evolution equation, with linear differential operator with constant coef-
ficients. Firstly, we introduce the X®® spaces and the linear estimates, homogeneous
and inhomogeneous. Secondly, we prove additional estimates needed to complete the
argument: Time Localisation Estimate (to improve control over the nonlinear part) and
Transference Principle (for nonlinear estimates). Lastly, we clarify the application to the
nonlinear equation and reduce the problem to determining nonlinear estimates.

The interested reader can find additional details in [9].

2.1 Preliminaries

We start by recalling the definition of the Fourier Transform and of some important
functional spaces. The spatial Fourier Transform and the associated space-time Fourier
Transform are one of the main tools of the method. We are concerned with periodic
functions in the spatial variable, namely with period 27 defined on the d-dimensional
torus T? := (R/27Z)“.

We start by defining the Schwartz space, Sp(T?), as the space of smooth functions
f:T¢ - K, with K =R or C, such that

|

The spatial Fourier Transform is defined as an operator F : S, (']Td) - S, (Zd),
defined as follows: for f € S, (']I‘d), its Fourier Transform is given by

xaaff(:r)H < 00, Yoo € Zxo, B € Z‘éo.

Lg=(T4)

F(f)(n) = f(n) = (2711)‘1 /ﬂ‘d f(:c)e_m'“” dz, n € 7°.

The Fourier Transform is an invertible operator on Schwartz functions. Thus, in the
periodic setting, we can define an inversion formula given by a Fourier series

fa)= 5" fm)e.

nczd
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The Fourier Transform can be extended to an operator between L2 (Td) and /2 (Zd),
in the same way.

Similarly, we define the Schwartz space S; (]R X Td) and the space-time Fourier
Transform and respective inversion formula

7 1 —i(tt+xn
F(u)(r,n) =u(r,n) ::W/H{/Tdu(t’x)e (t7+2m) 4o i

u(t7 m) = Z /Rfa(7-7n)ei(t7+z-n) dr,

nczd

for 7 € R,n € Z% In addition, this operator can also be extended to an operator
F:Li, (RxTY) — ¢2(Z%) x L2 (R), in the same fashion.

Recall the definition of Sobolev spaces WP (T?), W, (R), s,r € R, 1 < p,q < 00 as
the completion of S, (Td) and S; (R), with respect to the following norms, respectively,

1 o pay 2= || (" )

gllwye ) = (M)l L2 ) -

2(zd)’

with () = (1+]- \2)% denoting japanese brackets. Note that if p,q = 2, we use the
following notation Wy (T?) = H3 (T¢) and W, (R) = H} (R).

From now on, we will omit the underlying space when referring to functional spaces,
whenever it is clear from the context, but will index the space by the corresponding
variable.

Lastly, we introduce the following notation,

e A < B if there exists C' > 0 such that A < CB,;
e A~Bif A< Band A 2 B;
o A <« B if there exists 0 < C < 1 such that A < CB.

When relevant, <,~ are indexed to represent the dependence of the constant C' on a

) o~

certain quantity.

2.2 Linear Equation

The Fourier Restriction Norm Method uses a contraction mapping argument, thus con-
sidering the nonlinear solution as a perturbation of the linear one. Such a strategy is
reasonable for short times, as certain nonlinearities do not significantly alter the solution
for short times, after time localisation. Therefore, we start by focusing on a family of
linear evolution equations.
Consider the following equation, defined on the d-dimensional torus,
{atu(t, 7) = Lult,x) + F(bo) oy 1)
u(0,2) = up(z)

with £ a differential operator, F' a smooth function and K either C or R, depending on
the equation.
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We are interested in differential operators £ with constant coefficients, with the form
L =ih (V /i), for some polynomial h, i.e.,

Lu =i E i1 e, 00,

| <k

with k € Z~¢ the order of the operator, ¢, € C for each o € Z‘éo with |a| < k.
Remark. For NLS and KdV type equations, we have

d
L= iZ@gJ_ on T¢,
j=1
KdV: L£=-02 onT.

Considering the representation £ = ih(V /i), h is called the dispersion relation of £ and
has the following form for the equations at hand,

KdV: h(¢) =&

Note that the £ = ih(V /i) representation of the differential operator is useful when
applying Fourier Transform,

F{Lu}(n) = F{ih(V/i)u}(n

i eq (V /) u o ()

|a|<k

= { caVO‘ (n)
|a| <k
2
ih(n

ilaly

Ju(n).

A standard technique to solve Partial Differential Equations (PDEs) is applying a
spatial Fourier Transform in order to reduce it to an Ordinary Differential Equation
(ODE) in time. Using the previous result on the Fourier Transform of the differential
operator £, we can reduce (2.1) to

F{0w} (t,n) = F{Lu+ F} (t,n) < 8,(t,n) = ih(n)u(t,n) + F(t,n).
Thus
At n) = €T (n) + / (=M B ) gt
0

t
u(t, z) = e“up(x) +/ LR x) dt (2.2)
0

with the operator et£ defined as follows

(1) (t.2) = D2 (¢ Fm)) e

nezd
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L

The expression in (2.2) is called Duhamel’s formula and the operator e'* is called linear

propagator, often denoted as S(t).
Moreover, if we consider F' = 0 in (2.1) and apply a space-time Fourier Transform,

0=F {0 — Lu}(7,n)
=i (7 — h(n))u(r,n),

it follows that the space-time Fourier Transform of u is a measure supported on the
characteristic hypersurface {(r,n) € R x Z¢: 7 = h(n)},

u(r,n) = §(r — h(m))ug(n),

with ¢ the Dirac delta function.

Recalling the perturbation approach, we expect the space-time Fourier Transform of
a Picard iterate to have support close to this hypersurface, at least for a short time, when
suitably time-localised.

2.3  X*’ Spaces
In this section, we focus on the X*? spaces and some of their relevant properties.

Definition 2.1. Let A : T — R a continuous function, and let s,b € R. The space

Xfih(n) (R X ']I‘d), abbreviated X*?, is defined as the closure of the Schwartz functions

Stz (]R X Td) under the norm

e = | (7 = h() (. m)

I

with ’e~t£w’ the interaction representation.

Note that the underlying hypersurface to X*? will be omitted if it is clear from the
context.

The X*P-norm captures the expected localisation of the perturbed solution through
(T — h(n))?, as it penalises the function if it lies far from the hypersurface.

The norm can be seen as a weighted Sobolev norm, sharing equivalent properties.

Proposition 2.2.
1. X5V« X5 for &' > 5, b > b.

)* _ st,fb

2 (XS»” S

T=h(n)
3. X% is invariant under translations in space and time.

4. H“Hij_h(_") = HUHijh(n)'

The X5 spaces are a useful to conduct a contraction mapping argument since they
are a subset of CyH;, under certain conditions, as stated in the following proposition.

Proposition 2.3. The following embedding holds for all s € R and b > %,

Xt c CyH:.
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Proof. Let u € X*. We start by proving that lul| oo s < 0. Note that e~ £ is unitary
in H, for any f € H;

e flla = I (m)*e™ ™ fn)leg = [1F1l-

Thus, using the interaction representation for the X*?-norm and Sobolev embedding in
time, for any b > %

il L
HUHLtOOH; = |le’ UHL;”H; < ||€t U||H5H; = |lullxsp-

It remains to prove that u is continuous in time. Let ¢t € R and {tx} C R a sequence
which converges to t as k — oo. Then, using inverse Fourier Transform in time and
Cauchy-Schwarz inequality

[utr) = u(®)l| gy = 1(n)° (@(tr, n) —ult,n))le

= /R<n>sa(7, n) (eit“ - em) dr

4]

_ n s<7- — h(n)>ba —_— eitkT o eit”r T
= | Lo = ) 4

2
Kn
1

(/R(T — h(n))~% dT) ’ (nY*(r — h(n) (7, n) ("7 — i)

N

e
S llullxse < oo,

which follows from the 7-integral being finite (—2b < —1) and |e/*™ — 7| < 2. Note
that the implicit constants do not depend on k, t or t;. Therefore, we can apply the
dominated convergence theorem, using the fact that |e”k7 — em‘ — 0, proving that

lu(ti) — u(®)|[; = 0,

as k — oo, as intended. O

2.4 Linear Estimates

To conduct a contraction mapping argument in X sb we require linear estimates to
control the homogeneous linear solution and the integral part in the Duhamel’s formula.
In this section we state and prove the homogeneous and inhomogeneous linear estimates.

X*Y will be the underlying space for the contraction mapping argument, therefore
the linear solution e*“ug, with ug € H? must live in X $:b_ Unfortunately, this is not the
case

Hewuons,b _ He—t/ﬁetﬁuO

— HHe(tft/)lluO”Hg

HH;’,H;

using that e'“ is an isometry in HZ, |lug||gs < oo but the time norm is considered over
the whole space R.

As a consequence, we need to localise our solution in time, so that it belongs to X*?.
To that end we introduce a smooth cutoff function, n € S;, with the following properties

e supp(n) C (-2,2),
e n(t)=1fort e [-1,1],
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o 7(t) =n(—t) and n(t) > 0 for all t € R.

To account for the time localisation, we modify the solution map accordingly,

t
Ly, () := n(t)eFug + 1 (;) / LR dt,

0

for some 0 < T" < 1. The need to apply a time cutoff raises the following question: if
u € X3P does nu also lie in X*? In fact, X*? is stable with respect to time localisation,
as indicated by the following lemma.

Lemma 2.4 (Stability of X** with respect to time localisation). Let n € S; a smooth
cutoff and u € X*°. Then,

In@)ullxse S lullxss,  Vs,b€R. (2.3)

Proof. Using Fourier inversion formula on 7 and Minkowski’s integral inequality
eyl eo = | ([ e am ) u
Xs:b
S [t dn
R

= [l .o dn
= [ 1) [tz = bt - m,n)
R

drp.
2r2

Applying the change of variables 7/ = 7 — 79 and (A + B)? <, (A)P1(B)?| gives

In@ulxes = [ |01+ 7= b ),
S [l (m)" @2 = heytaw|,,, dn
R enLT/
S lull oo,
since 1 € &, concluding the proof. O

Modifying the solution map to be localised in time does not influence the estimates
in X*°, thus we can focus on showing that I'y, is a contraction in X*?. We aim to show

[n(t)euo| xon S lluollas,
IZ (F)llxs0 SN E ]y,

with Z(F f t—)LE(#') dt' and Y an appropriate space. These are called linear
estimates homogeneous and inhomogeneous, respectively.

2.4.1 Homogeneous Linear Estimate

The following estimate controls the time-localised linear solution with the norm of the
initial data.

Proposition 2.5. Let ug € HS. Then,

In(t)e™“uollxor Snp Clluol . (2.4)
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Proof. We start by calculating the space-time Fourier transform of net“uq,

In(t)e“uollxes = |[(n)* (7 — hm)atr — hE)T ()|,
= e = =], o]
= Il zp () Tl
= [l ol
Snb HUOHH;,
since n € &;. O

2.4.2 Inhomogeneous Linear Estimate

Recall that Z(F) = f(f e(=")LR(#') dt’ denotes the integral part of the linear solution in
Duhamel’s formula. We need to guarantee that Z(F) also lives in some X*? space, as
stated in Proposition 2.6.

Proposition 2.6. Let s € R, b > %, F e X1 and n € S; a smooth cutoff function.
Then,

IOZE) | xs0 S NE | xeo-1- (2.5)

Proof. We start by calculating the space-time Fourier transform of n(¢t)Z(F'). Ignoring
the factors of 27, applying a Fourier transform in space gives

t
Fn(OI(F)} (t,n) = F {n<t> e dt’} (tm)
0
t
_ 77(75)/ (RO B ) d,
0
and lastly in time,

F{n®Z(F)} (1,n)

I
T~
3

t
n(t)eitf/ 6(t t)h(n) ( )dt dt
0
(t)e—it('r—h(n))/ ]1[07,5}(75,)6_“%(”)?(75/,n) dt’ dt
R

n(t)e tT—h) F, (]1[(”]( NE(, n)) dt’ dt

7'=h(n)

_ —it(t—h(n)) (T »
[ e (Toa) s Fem) -t

with x,+ representing convolution on variable 7. Since

t t —itt!
~ . / ]_ ; / v - ].
Lo, (t) —/ e dr = —— e”t] S ——
0

)
1T 0 1t



Chapter 2. Framework 10

it follows that

e—it(h(n)—7") _ 1 _

FAOTE)} (k) = [ n(e)e oo /R i =y ) dr' e

—it(t—h(n —it(t—1' 1 o
/ / 1) D) ) dt s P )

~ ~ / 1
= ) [ (i = h) = = 7)) S
Without loss of generality, we can assume s = 0, otherwise we can run the argument for
G(n) = (n)*F(n). We will consider two frequency regions for the Fourier Transform, R;
where |7/ — h(n)| <1 and Re where |7" — h(n)| > 1.
Case 1: |[7' — h(n)| <1
Calculating the X% norm only considering frequencies in Ry, note that (7 — h(n)) <
(=7 +a)+ (7' = h(n)—a) < (-7 +a), for a between 0 and 7" — h(n),

F(r',n) dr'.

1 ~
I L b/’\ _n A =1)) ————F(',n) dr’
(t — h(n)) R(U(T (n)) —n(r = 7)) —i(t" — h(n)) (rsn) dr 2 L2(Ry)
7' —h(n) F\(T/ n)
_ b~y ’ Bl SR A /
T )T —7 +a)7’—h(n) da dr I
ntor 4t
' —h(n) F(r
o T AR T L
R Jo 7' = h(n) 2L2(Ry)

Using Minkowski’s integral inequality on the 7-integral and the sum, gives

'—h(n) F
/ / (7',n) HT—T —I—a) nir—1 —}—a)H do dr’
Ry L2

/ / ) do dr’
Ry n)
Consequently, calculating the o integral and using Cauchy-Schwarz inequality in 7/ gives

/ ﬁ(T', n) dr’'
Ry 2

= /R (7" = h(n))* 1" — h(n))~ V(' n) dr’

I3y

&

<oco 2

I Sn,b

4
2 2 2
< < / (' = h(n)) 2D dT'> ( / (7' = B0V |F(, )| dT'>
R1 Rl
<oo 2
S 1Flxo.0-1.

Case 2: |[7" — h(n)| > 1
We start by focusing on the first term of the space-time Fourier transform. Note that
(" —h(n)) ~ |7" — h(n)|. Then, using the fact that |7 —h(n)|® <y |7 —7/|° + |7/ — h(n)],
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for any b > 0,
IT = ||(7 — h(n))" / Ar— )= (s ) dr’
R 7/ — h(n) ’ £2L2(Ry)
_N\b
< /ﬁ(T — T/)<Z-}Z-(>)F(T/, n) dr’
7 — h(n
2L2(Rz)
-~ (" = h(n))® ~
+ /T](T — T,)WF(T,, n) dT,
R G L2(R2)

=: A+ B.
For the first term, use Minkowski’s integral inequality in time and Cauchy-Schwarz

Alr — 1 <7_77J>b (' n) dr
A< /Rn(f )7<T,_h(n)>F( ;n)d

GZL2(R2)
\Nb
< ~ (=1 =, '
< nr—1") F(r',n) dr
/]R <T/ - h(n)> L2(R2) 02
<7J - h(n)>b_1 oot /
S| A STy d
/]R (r! — h(n)>b (r',n) ”nHHf T o
S| (Lo ntay arr) o = oyt Fir'm)
R 22,
S [1F 1| x0.0-1,
since b > %
For the second term,
N ' _h b
B < /77(7’ - T’)7<T, (n)) F(r',n) dr’
R 7' — h(n) £212(Rg)
r_ b
S|/ - S R | o
R 7 — h(n) L2(Ry) 2
~ 2
S| [ J6 =m0y B o]l
R 02

577 HUHLf | E || x0.6-1-
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Similarly, for the other component of the space-time Fourier Transform, we require b >
1/2, using Minkowski’s integral inequality and Cauchy-Schwarz

o . n b AT— n #A 7'/ n 7'/
IIT = ||(T — h(n)) /R"?( h( ))7/—h(n)F( ) d 2 L2(Ry)
L <T—h(n)>b /
< F(r',n)n(t—h T b () dr
/R (7 m)ii(r = h(n) = —hn) iz |
_ ) | sl
~ T’—hn b-1 /
~n.b /F(T’n)<<7’—f(L(T)L>)>b i 2
< \[( [t = noy 2 arr )" B, mye’ = o
</R > GL?,
S F xo.b-

O]

Remark. Proposition 2.6 states that the time integration in Z incurs in the loss of one
time derivative in F'.

2.4.3 Other Relevant Estimates

In order to complete the contraction mapping argument, we will require more control on
the integral term in the Duhamel’s formula. The following lemma takes advantage of the
time cutoff, increasing time regularity at the cost of a small power of T.

Lemma 2.7 (Time Localisation Estimate). Let n € S; and —3 < b < b < L, then for
any 0 <T <1 we have

I (¢/T) ull o S T~ flull oo (2.6)

Proof. We may take s = 0 without loss of generality, otherwise repeat the argument for
U := (V)*u. We only show the estimate for the case 0 =V < b < %, as the remaining
parameter regions can be obtained by interpolation and duality.

Consider two regions, Ry with (7 — h(n)) > 1 and Ry with (7 — h(n)) < 1. Note that

it )l = \ [tr.met ar
" R 2
< ‘ / a(r,n)e™ dr|| + ‘ / a(r,n)e dr|| =:1+1II.
Ry 2 Rs 2
Then, in Ry

<y / N2 — W) 2fa(r,n)[? dr

neza gl

<3 [ T h) Pt mP dr (tr = hm~2 < )
neZzd R’

< T%HUHXo,b-
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Similarly, in Ry, using Cauchy-Schwarz inequality

2
2= 7 — R\l — h(n)) "D +3q(r, n)elt™ dr
11 sz/R< B(n)(r — h(n)) (r,n)e™ d
— h(n))*(r — h(n _(b'%)T_%’E( n)e''" d 2
s}zj /R2<T B(n)"{r — h(n)) , .
T — h(n)2 [a(r,n)|? dr 7 — h(n)) "2+ -1 gr
szzj{/R< h<>>\<,>\d}{/&< h(n)) =207 d}

< T71T2(b+%)71”uH§(0,b _ T2b71HuHA2)(O,b‘
Therefore,

[t/ T)ull xo0 = [IF (n(t/T)w) (T:7)l| 1262
= [In(t/T)u(t,n) 202
= [In(t/D)llu®)le ]|

< {7+ 7" Y lull oo It/ T) |

Thus, to obtain the intended estimate we need to improve the bound using the norm of
m,

Ine/DIE; = [ Ine/DF de = [ )P at =T o)
R R N — e’

c1 <00
which implies

1

In(t/Tyull oo So {745 + T} flullxos < 27"l o,

since 0 < T < 1.

The following lemma allows us to ‘transfer’ estimates in H® to estimates in X*?.

Lemma 2.8 (Transference Principle). Let b > 1 and Y = LILT or Y = L'L{, for
1<p,g<oo. Let T a k-linear operator such that

k
HT(ethla 7etﬁfk)Hy 5 H Hf.]”HgJ >

=1

forall fj € H,1<j<k. Then

k
1T Car, oo urlly < TT Husloso

J=1

for all uj € Xsib 1<j<k.
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Proof. Let 1 <j <k, T =r7;+ h(n) and

fj,'rj (1') = Z a\j(Tj + h(n)7n)eix-n

nezd
— etﬁfj;rj — Z @(Tj + h(n)7n)ez’z~n+ith(n)
nezd
— uj<t’x) = / Z ,&\j(,]_’n)eix-n—&-it’r dr = / €itTj€tﬁfj77—j de-
R pena R

Then, using the k-linearity of operator T,

itr _tL itry, tL
T (uy, ..., up) = ’T</ e"me" fi . dﬁ,...,/ e e fr d7k>
R R
it it to tL
= /kel etk T(e firsese fka) dry ...dr,
RF

and calculating the Y-norm gives, using Minkowki’s integral inequality,

T Gty ey )y = H [ e T (s i)
R Y

< / |t . itk | HT(etﬂfLTl,...,ewfk’fk)HY dr ...dm,
RFE

~

k
5/ HHfjaTjHHSj dTl...di,
Rkal

Applying Cauchy-Schwarz inequality and using the assumption,

k
IT s i)y :r:[ /R D i ss s

< f[l {/R@Y% de}2 {/RW Hfjvfjuim dTJ}2
<oo as b>1/2
- Jf[l H<Tj>b@‘(73 +h(n), )‘ L2463
k k
=1 = n @ m)| ,,, =TTl
j=1 =1

2.5 Nonlinear Equation

We are interested in nonlinear equations, thus we can substitute the forcing F' in (2.1)

by a nonlinear term N (u)

{atua,m) = Lut o) + N(W)(tz) oo g (2.7)

u(0, ) = uo(x)

with A/ a smooth function.
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Remark. For NLS and KdV type equations, we will consider

NLS: N(u) = £|u|Pu,
KdV: N(u)=+0, (uk),

with p > 1 odd integer (to guarantee an algebraic nonlinearity) and k € Z~.

Using Duhamel’s formula (2.2), with the nonlinearity instead of the forcing F', smooth
time cutoff n € §; and 0 < T' < 1, defines the solution map Iy, for the nonlinear equation
1),

¢
/ CTEN (u) (¢, ) di'.

Pup () (1, 2) = n(t)e o) + 1 (;) 0
Thus, solving (2.7) reduces to finding a fixed point for I'y,.

The contraction mapping argument relies on the idea of perturbing the linear solu-
tion, while expecting it to remain on a neighbourhood of the linear solution for a short
time, after time localisation. As seen before, the space-time Fourier Transfom of the
linear solution is supported on the hypersurface given by 7 = h(n), therefore we ex-
pect the counterpart for the time-localised nonlinear solution to remain supported on a

neighbourhood of the hypersurface, as illustrated on Figure 2.1.

F1GURE 2.1: Hlustration of support of space-time Fourier transform for
linear and nonlinear solution of KdV. Adapted from [9].

In summary, the X*? spaces capture this behaviour for the nonlinear solution and
the homogeneous and inhomogeneous linear estimates can still be applied in the presence
of the nonlinearity.
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3 Nonlinear Schrodinger Equation

In this chapter, we will consider the one dimensional nonlinear Schrodinger equation,
with cubic and quintic nonlinearities, in the periodic setting. In order to complete the
contraction mapping argument, we need nonlinear estimates to bound the integral part
of the solution map

Lo (u)(t, ) =77(75)5(75)160(93)ﬂtin(lf/T)/0 St =)l u(t') dt’,

after application of the inhomogeneous linear estimate. Note that the linear propagator
S(t) is given by F{S(t)f(z)} (n) = e~ f(n).

Firstly, we require Strichartz estimates. Heuristically, considering a duality argument,
we are interested in controlling

sup //upv dx dt < sup H“HiPHHUHLf;l'
H’UHL%Tsl RJT ||'U||L?T§1 t,x B

Thus, for cubic and quintic NLS, we want L* and L% Strichartz, respectively. These
estimates, due to Bourgain, allowed for an improvement in LWP results.

Secondly, using Strichartz estimates, we prove the trilinear and quintilinear estimates,
the last results neede to complete the proof of local well-posedness.

Lastly, we will complete the contraction mapping argument.

Note that these two examples were chosen for their simplicity, but the results dis-
play techniques which can be adapted to regularities of different order or higher order
dimensions.

The interested reader should refer to |2, 3] for more details.

3.1 Strichartz Estimates

On the real line, Strichartz estimates exploit dispersion relations, which are not available
in the periodic setting. Nevertheless, on T¢ there are some Strichartz estimates available,
namely of wa and L?,x type, which rely on a space-time Fourier analytic approach. Such
estimates are required to control the nonlinearity, as one wants to move from spaces of
higher integrability to L? based spaces.

As an historical note, in 1974, Zygmund proved a version of L*-Strichartz estimates
in one dimension, stated below.

Proposition 3.1 (Zygmund ‘74, [10]). Let S(t) be the linear propagator for (NLS) and
ug € L} ,(T?), then
1S@)uollzs 2y S lluollpz (2)-

Using Transference Principle (Lemma 2.8), one obtains the following estimate, which
requires periodicity in time, as well.

Proposition 3.2. The following estimate holds for b > %,

||U”L;{z(1r2) S llullxos-
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Bourgain, in 1993, contributed with a sharper L-Strichartz in one dimension, which
lead to a great improvement in local well-posedness results for (NLS). This result was
first proposed in the periodic setting, both in time and space, but a simple modification
to the argument allows for a global-in-time result.

Proposition 3.3 (Bourgain ‘93, [2]). The following estimate holds

el ey el o

Note that this result is a great refinement in terms of time regularity and, most
importantly, arrives at a space where 0 < b < % Heuristically, one can see the sharpness

inb= %. Applying Sobolev inequality gives X TiC Lf}’x(RxT). Looking at the equation,

two spatial derivatives “correspond” to one time derivative, thus formally moving the

space derivatives to the time variable gives b = i + %% = %.

Proof of Proposition 3.3. The proof follows an argument by Nikolay Tzvetkov.
Let w = ) ,, up with M dyadic and ups the portion of u localised on the space-time
frequency region M < (r +n?) < 2M on the Fourier side. Then,

3 3~

> Milunly =Y Ml e

M ’ M
:ZM2/2|@(T,n)\2 dr

§
<Z/Z r ) i (rn)| dr
=D llunlos
M

~ 5

Now we want to bound [|u|[ 4 from above by the left-hand side of the previous inequality.
Note that, using Minkowski’s discrete inequality,

lolly, = ([ [t o ar) - )
(L () (s5ime) e

1/2
//Z > funPluay | da dt

M MM’

A

1/2

X X [ [ Pl do at

M M<M’
1/2

(3 vty

M M<M’

<2 > lurwarllzg,

M M<M'
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Thus, it suffices to show

3
S 3 el $ 3 M s

M M<M' M

Since M, M’ are dyadic, we can write M’ = 2¥ M, for some k € Z>o. Then, if for some
e>0 s
—ck = 2
S luarugenrllez, €273 M fuarl2s
M M '

it follows that

_ 3
E E ”UMU%MHngfS E 27k E M4HUMH%§I
i !

M k>0 k>0
—_——
<o
Consequently, we can focus on proving
5 3
lunrusenrlizz, S 27 M funrllpz (20) llugearllzz (3.1)

since when summing in M it gives the following, using Cauchy-Schwarz inequality,

3

—ck g3 k 8
> llunrugealize, S 3027 M furll gz (250) lugirl sz
M M

1/2 1/2
_ 3 3
<ok <2M4kuigz> (Z(szwHumuiiz)

M M
3
< 2R Milu|3;
— ,

In order to prove (3.1), we start by normalizing ups and ugk,. Let

uUp Uok p g

VM =, Ugkpy =
fundllp

T
Y3y HL%I

which simplifies (3.1) to
loarvarasll 2. < 275K+ 5F A

Using Plancherel’s identity, it suffices to show

> Gt (i, m) Ty (rang) dm|| < 287N

M=, 212

Using Cauchy-Schwarz on the left-hand side, taking into account the supports of vy; and

—

Uk M s
1/2 o 1/2
—~ 2
H( Z /1 dTl) ( Z / |01 (T1, 1) Ugk pr (T2, M2) | dTl) o
ni+na=n ", n1+n2:n7_1_,’_72:7_ neT
1/2 _ _— 9
< sup E 1dn E ‘UM(Tla nl)UZkM(7_27 n2)’ drmy L’
n,T ni+ns=n " n1+n2:n7_1+7_2:7_ n-rt
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with  := {(r1,72): T=71+ 7, 1 =-nf +O(M), = —n3 + (’)(2"3M)}.
Note that the second term is equal to one because of the normalization, using Fubini’s
theorem

Y [ i) m ) P dn
:

n1+n2 n Y T1+T2=T
= 1/2
Z/ [onz (71, 101) Pllvge ag 17 1.2 dTl)
]R n-—T

= lvmllez 12 lvorpsllz 2 = 1.

n1TUTL

0Ll

Thus, it suffices to show that

3 / 1dr <2012k r3, (3.2)

nitnz=n Ti+T2=T

71:—n%+O(M)
To=—n2+0(2* M)

which is a counting problem. Fixing n, 7, for the integral to be nonzero, we must have

Ty, To, N1, Ne which satisfy

T=1+7=-n?—ni+OM)+O2FM)
n =mni+ ng

Then, 71 =7 — 79 = 7+ n2 +O(2KM) = —n? + O(M). When focusing on the integral we

are only concerned with the length of the interval where 7 can move, from the previous

calculation it is clear that it is O(M).
Now, focusing on the sum, it remains to show that

3 1< 22k 13,
ni+na2=n
T=—n2-n2+0(2F M)
Note that

(ny — no)? =n? 4+ n3 — 2niny = 2(n? +n3) — (n1 +n)? = =21 — n% + O(2FM).

Since 7,n are fixed, the number of solutions (n; — n2) is at most of order O(QgM%)
Thus,
3 1< 25 Ms3.
ni+ns=n
T=—n2-n2+0(2F M)

Choosing € > 0 as follows

3 1 1

1 2e = 5 — £ = g,
gives the intended result. O

L*-Strichartz as stated is not useful to control a quintic nonlinearity. Therefore,
Bourgain proposed LS-Strichartz, which are much weaker, as one cannot get rid of the
power NOF in the following proposition, preventing an estimate in X% as for L4.!

IThe notation N®* represents N®*¢ for some small 0 < ¢ < 1.



Chapter 3. Nonlinear Schréodinger Equation 20

Proposition 3.4 (Bourgain ‘93, [2]). Let ug € L2(T) and n € S;(R) a smooth time
cutoff, then
||77(t)5(t)P§N“0||L§Z(Rx1r) S N0+|’P§N“0HL%(T)’

with P<n denoting the Dirichlet projection onto |n| < N.

Proof. We start by calculating the space-time Fourier Transform of the function on the
left-hand side. Note that,

n(t) Y ¢ fn >=n<t>Zei<"f—t"2>A< )L (jnj<n)

<N
02 e (e Fm)ai)

= n(O)F " (7 Fn) e ) (),

then,
Flnw > ¢ fm) | (tn) = n)e™ Fn) 1<),
[n|<N
Fln) Y 05 m) | (ron) = / n(E)e ™ Fn) 1 gu<nye " dt
In|<N R
= f(n)i(r + 1) L(jnj<n)-
Consequently,
Hn(t)S(t)PngHigz(qur)
2
_ 3
= [mosoras?|L, o0
5 2
= Z / H {f(n])ﬁ(Tj + n?)]l(‘nﬂSN)} dT1 dTQ
n=mi—notng. . "o o =1 2
Note that

3
/ H Tj—i-n ) dry dro

r=r1—To473 J
= / 011+ nA)i(re + n2)(r — 11 + 72 — n3) dry dry
T=T1—T24T73
= /ﬁ(ﬁ +nd)h(r — 11 4+ n3 +nd) dn
= ( +nf = nj +nd),
for some 1, 1) € Sy(R).

Thus, it suffices to bound

2

Z H {fn] (Inj|<N) }@Z(TJrn% —n? +n§) = (x).

n=ni—n2+ns 1
J= 0212
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We will consider two different cases.

Case 1: n1 =n = ng =ng
Note that as a consequence of symmetry, ng = n is equivalent.

2
(¥) = Zf ) F(12) F(12) L(jnf o <y 0 (T + 17)
2r2
2
= Zf F(12) F(12) L () o) <) 190 22
4
2
< Z [F(n2)? ) 191172 1 f Ljnj<nllZ2
[n2|<N —
=c1 <00
= 1| Pen fll2s-
Case 2: ni,ng #n
Using Holder’s inequality,
2
(x) = > H {f DL (jny|<N) }1/;(7 +ni —nj + n3)
n=ni—nz2+ng j=1 E}LL}_
3 o~ ~
S > TP, 1em | + 0t —n3 +n3)?
n=ni1—no+ngz j=1 L;é%z
3 o~ ~ ~
ST P +nt —nd+ndl| b +nt—nd+nd)|
e 4L ’
=: A; - A, (3.3)

with the sum over the * := {(ni,n2) € Z*: n=mn; —ny+ns, |n;| < N,j=1,2,3}.
Thus,

3
Ar=101 YOS T TTHF )P

n o ox 7=1

=C2 <0
3 ~
<e Y ([ TI1 )
nj|<N \d=1

= o[ Pen 22

Now, for the second term,

Ag = sup Zw T4 n? —n3 +n3)

n,T

< su T+n —n? +n
_nf;\w T —nj+n3)l

~sup# {(n1,n2) € Z*: n=n1 —na +ng,|n;| < N,j=1,2,3}.
n,T
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Note that 7 +n? —n3 +n% = O(1) and
2(ng —n1)(ng —n3) = (2ne —ng — n3)2 — (ng — n1)2 — (ng — n3)2
= (n2 —n)? — (n3 = n)* — (n1 —n)®

2 2 .2 2
= —n"+2n(ny —ng2+ng) +nj —nj —nj

:nQ—n%—i—n%—n%
=n®+74+0(1) = ¢y

In addition, |n| < 3N and || < N?, as a consequence of the bound on n;, j = 1,2, 3.
Then, given n € Z, 7 € R, there exists at most O(1) integers k such that |k — ¢, | S 1,
which implies

k| = |n® + 7]+ O(1) < N2

By divisor counting, there exist at most N9t many
(ng —ni1)lk  (ng —ng)|k.

Since (n2 —n1) = (n3 —n) and (ng — ng) = (n1 — n), there are at most O(N°*) many
n1,n3, which uniquely determine ng, showing that A < NOT.
Combining both cases gives the intended result. O

We can use the Transference Principle (Lemma 2.8) to obtain a bound on the L5-norm
of nu.

Corollary 3.5. There exists small € > 0, such that for b > % the following estimate
holds

In(@)ulzs ey S llullxeo- (3.4)

Proof. Let Py represent the Dirichlet projection to |n| ~ N, with N dyadic. Using
Proposition 3.4, there exists € > 0 such that

In(@)S(#) Pruollps = n(t)SE) P<n(Pnuo)llrs, S N°[P<n(Pruo)lrz = N¥[[Pyuollzz-
Then,
In(6)S(&uollzg, = In(6)S(t) Y Pruolizs
N
< 3 In(®)S () Pavuoll g
N

S NE|I Pyl 2
N

=> N °N*| Pyul|r
N
1/2 1/2
< (Z N) (Z N46||PNuo||i2)
N N
S lluol| g2
Now, applying Transference Principle (Lemma 2.8), we obtain
In(t)ul g < lull e

for b > %, as intended. O



Chapter 3. Nonlinear Schréodinger Equation 23

Before we established LS-Strichartz estimates (3.4), for some a > 0,
() Pyullsxry S IPNull o3 va-

However, we need to use the Time Localisation estimate (Lemma 2.7) to gain control on
the nonlinear part through the time of existence T. This estimate arrives in X with
b > %, so we need to create some room in the time regularity. To lower time regularity
we can interpolate L®-Strichartz and Sobolev inequality in time,

Int)Pxullyg, < N3 Pyul o -
Interpolating the two results, we obtain
In(t)Pyullg, S N7|IPyull o4, (3.5)

for some small enough 0 < f < 1.

3.2 Cubic NLS

In this section, we focus on the 1-d cubic (NLS). In order to show LWP, we require
homogeneous and inhomogeneous linear estimates, and L*-Strichartz to show a nonlinear
estimate. Note that the time regularity with Strichartz estimates (b = % < %), when
applied to the nonlinearity will give some room to apply the time localisation estimate,
giving control over the nonlinear part through the time of existence T

The L*-Strichartz estimate determined previously (Proposition 3.3) allows us to prove

the following trilinear estimate.

Lemma 3.6. For any 0 <¢,d < %,
3
lwrmzus|| oy S TT Iuill o5 (3.6)
j=1
Proof. Using a duality argument, Holder’s inequality and X*® embeddings,

//ulWU3vde‘ dt‘
RJT
3

< sup [T s llole
7j=1

|urwzus | 0,—14e = sup
R T |
X2

3
< sup [ llusl oz lloll o8
j=1
3

<sup ] sl o3 sVl o3
j=1

3
< H HujHXO,%féa
j=1

with (3 —¢),(3 —6) >3 = e,6< ¢ O
Combining the linear estimates and Lemma 3.6, we can complete the contraction
mapping argument.
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Theorem 3.7. (NLS) on T, with cubic nonlinearity (p = 3) is locally well-posed in
L2(T).

Proof. By Duhamel formulation, define the solution map as follows

t
Do () == n(t)S(t)up & m(t/T)/ St —t) (|ulv) (¢) at,
0
with ug € L2(T), n € S;(R) a smooth cutoff and T' € (0,1). Let 0 < ¢ < 1 and

Bp = {u e X035+ . |y < R}

Xo,%-&-a

a ball of radius R > 0, to be determined later. We want to conduct the contraction
mapping argument within Br. We start by showing that I'y, : Br — Bpg, for fixed
ug € Li (T)

Pl o352 < IO @0l oy + | [ ate/150 ) () () a

< crlluoll gz + ez [[n(t/T)|uf>u]

XO,%“'E

XO,—%+E
< ClH“O”L% + coc3T® H|u\2uHXO’_%+2£
< 01Hu0HLg + coczeqTC HuHi{O% ,

using (2.4), (2.5), (2.6) and (3.6). Since X016 C X3, choosing & = . the previous
inequality becomes

- -
T () o, 8 < allunllzz + AT full?, o,

with ¢, = max{c1, cacgeq}. Choosing R = 261Hu0|]L%

2| 3

1
||FUO(U’)||XO,% < + C~1TER3 < R,

by choosing T such that €1TT16 R3 < %.
Now, we want to show that I',, is a contraction for fixed ug € L%(']I‘). Let u,v € Bp,

L= |[Pug () = Tug ()| g0, =

n(t/T)/O St — ) (|uf*u — [v20) (¢) dt

< e [[nt/T) (JulPu = [oPo) || o7

6

X016

1
< cocgT'16 H]u|2u - |U‘2UHX077%
using (2.5) and (2.6). Writing |u|?u — |v|?v as a telescoping sum, using (3.6) and the fact
that u,v € Bp,
I < cyesTT6 | (u = v)uti + (u — v)vi + (@ — ﬁ)vQHXOﬁ%

1 _ _ _ _
< eaes T || (u—v)utl] o+ [|(u—v)al| g +[|(@— 002

6
16 0.~ 15

X716
1
< caescaT lu =l o (Nl g + ol ol o + ol )
1
< 2cpc3e4T76 |lu — UHXO,% (HuH?xo,z/s + HUH_2><0,3/8)

~ m-L 52
< GTHRu—vl| , 5.
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with ¢ = 2cac3ey. Choosing T' such that €2TT16 R? < % gives that I'y, is a contraction
on Bp. Using Banach’s Fixed Point Theorem, we conclude that there exists a unique
solution w : [0,T] x T — C to the equation, in Bp.

It only remains to show that I',, is continuous with respect to the initial data ug. Let
ug,vg € L2(T), and u,v the respective solutions. Repeating the analysis for the integral
part, as a consequence of the conditions imposed on T,

lu =0l o, = [Tug (1) = Tug (V)| 1,

Slo

< [9()S(t) (wo — w0) o 8 +' (t/7) / S(t— ) (JuPu— o) (7) ¥

< c1||lug — vol| 2 + c2 Hn t/T) (|u|2u - |v|2v)H

x%16
7
x%— 16

< cifluo = vollrz + 5 llu — v

2 X016

Then, since 16 > 2, we can use the embedding X016 CrL2, to obtain
lu—vllg,r2 < llu—vll o8 < 2clluo —vollz,

which is sufficient to show that I';, is locally uniformly continuous. O

3.3 Quintic NLS

In this section, we focus on 1-d quintic (NLS). As stated before, for the Strichartz

estimates available for this case, L%, the Lebesgue norm is controlled by a X O+3+

thus one expects LWP in H%F, but not in L?.
It remains to show the following quintilinear estimate, which corresponds to Lemma
2.5 in [3].

-norm,

Theorem 3.8 (Quintilinear Estimate in T). Let s > 0 and n € S; a smooth time cutoff.
There exist 0 < p,p’ < 1 such that

5 5
[t HlujHXS,;ﬂ [Tl .- (3.7)
]: :

Proof. To simplify the proof consider u; := n/%(t)u; and v = n¥/%(t)v, j = 1,...,5, so
that we can apply estimates that require time cutoffs without carrying them in the proof.
Note that using duality, Parseval’s identity and explicitly writing the convolution, gives

5
I
Jj=1

5
:HyH <1// Huj 0 dxdt

X0 %
RnEZ j=1
5
- /RZ / Z (n)® H@(Tjanj) U(—=7,—n) dm ...drydr| =: 1
Z —n— 1
" +77-'3 117'4127'5 +7;L5 n%l4j:7215 J
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Considering a Littlewood-Paley decomposition in space with dyadic frequencies,

Z Pyv, wu; = Z PN].uj,

N dyadic N; dyadic

for j = 1,...,5, and substituting into the previous equation, denoting * and *x as the
sets of integration for the convolution sum and integral, respectively,

I<ZZ Zsup /Z/Z HPN u; (15, M) m(—T, —n) d7y ...dTadT| .

N N

Now we need to consider different cases before estimating, focusing. As a consequence
of symmetry, we can assume N; > Ny > ... N5. First, we look at the case N < 1, and
for 1 < N, consider two options: Nj ~ No or N; ~ N.

Case 1: N <1
Note that (n)® ~ (N)* < 1. Thus, from the previous equation, we get

IS> > swp /Z/Z HPN w;(1j,n;) § Pyv(—7,—n) dry ... dradr| =: IT

NZ<1 Ng,...,Ns
Using Plancherel’s identity and Holder’s inequality

m=> > sup// HPNUJ Pyo dz dt

N<1Nu,..,Ns

S> Y sw HHPN,-ujHng I1PxollLs -

N<1Ni,...,Ns

For each j = 1,...,5, if N; < 1, then N7 < 1, for s > 0, and using the interpolated
estimate (3. 5) or some small 0 < f <« 1

1Pnyuslls, S D NN 1P sl o y-s

N;s1 N;s1
1/2 1/2
2 2s 2
< Z N; Z N; HPN;‘“JHXo%—ﬁ
N;s1 N;s1

S8 sl o s

using Cauchy-Schwarz inequality and the fact that N; are dyadic.
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Otherwise, if N; 2 1, Nj_s <1, for s > 0, and

S 1Pxuleg, § ST N7EIY) Pryls

N;>1 N;z1
<3 NPl
N;>1
5 2
2(8— 2
S DIE -l B DS
N;>1 Nj=1

<l g o

for < s. From now on, we do not distinguish cases N; < 1 and N; > 1 for the
frequencies of u;, j = 1,...,5, as it is clear that it is possible to control the LS-norm this
way.

Focusing on v,

ORLLNPIES & Sucl I B SIT- S

N<1 N<1 N1

<5 ol oy s
<1,

given that 0 < p < . Combining the precious estimates gives

II's H 11l go.g--

Case 2: N 2 1, Ny ~ Ny
Note that N ~ |n| < |nq|+...4|ns| S 5Ny ~ 5No, then N® < N2NZ. Assuming N5 2 1,

5
sup| [ 30 [ SO S T] Py ¢ Pro dry .o dradr
R noG *% j:l
S S 5 — —
< sup /RZ/ZNIZNQQ 11 Pv,us ¢ Pyvo dry ... dradr |
L sk j:l

Considering a spatial derivative of order s for each u;, adds a power NV j_s, j=1,..,5,
5 — ——
(RHS) < sup / Z / Z NN [1(n)° N; *Pyju; p Pyv dry ... dradr (3.8)
7=1

SsupQ Ny 2Ny 2Ny NNy ™ H||<V>SPNJ-UJ||ng I1Pnvllzs

5
< sup d (N1 No) 248 (N3 ... N3) =8 NP H |P]\;].ujHXs’%_6 ||PN,UHXO%—ﬁ
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using Hoélder’s inequality and (3.5). Note that N > 1 so the power series N? does not
converge. Since N < Nj, j = 1,2, then Ny * S N™%, for « > 0. Let a = %, then

(RHS) < sup { (N1 No) "5+ (N Ng) =+ N 549

TT0Pw w3l o | 1Pl o0}
j=1

considering the sums and applying Cauchy-Schwarz inequality to each one, gives conver-
gent sums if 3 < 7, since N, N; are dyadic, thus

5
S | [T
j=1

However, it is possible that N; < 1, for 7 = 3,4,5. In that case, we do not multiply
the respective terms by (n;)*N~° in (3.8), and it is sufficient to use (3.5), followed by
Cauchy-Schwarz inequality, which gives

[SIE
N]]

B 2 2
Y NPl o < | DN D L AT

N;<1 N;<1 N;<1

S llujll o3-S ujll ez-s5

since Xs’%_ﬁ C XO’%_'B.

Case 3: N>1 N1 >Ny — Ny ~N
Let supp PNlul C Iy, supp PN’U C Io, then |I;| ~ Ny ~ N, |I2| ~ N. Since N; > N, we
can decompose I; and Iy in dyadic intervals of length No,

Il = UILla 12 = UIZk, |Il7l| ~ NQ, |12,k‘ ~ N2
l k

There are approximately Nj /N intervals needed, therefore, the decompositions are finite
and the following sums are finite

Uy = ZPILzul = Zuu, V= ZPIMU = ka
l ! k

k

Note that if n1 € Iy, n € Iz, more specifically n1 € I1;, n € I, for some [, k, since
|n — TL1| = ‘TLQ —ng +ng — n5| < 4’712‘ ~ 4N2,

then there exists a constant ¢ > 0 such that |l — k| < cNy =
Using this result, we can substitute the sum over N 2 1 by a sum in k which satisfies
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‘l_k| < co,

5
I< Z sup /Z/ZN Zullvk Hzlﬂ dmy ... dradr
j=

N1>No,
N4>Ns
5 —_—
Z Zsup /Z/ZNf@@ HPNjUj dr ...drydt
N1>Na2, k|l R no, kX 7j=2
Ni>Ns

S S| [ 3 [ Yt | L) P | dn -

N1>N2, k,l noG ¥X Jj=2
N4>Ns

Using Holder’s inequality and (3.5)

5
15 Y Ysup [ Ny N il loslle, T Pl
j=2

N1>Na, k,l
N4> Ns
5
> D sup Ny Ny (Ny...N5)~ obsllvrll o1 11 1PN uill o6 | 5
N1>>N2, k,l j=2
N4>Nj

since u;,; and vy, are projected onto intervals of size No. As before, assume that N5 2 1,
otherwise treat N; < 1 as in the previous case, j = 2, 3,4,5. Then, using Cauchy-Schwarz

inequality, on the sums Nj, j = 2,...,5, gives finite series and
5
15 30 Y s (lundll gy sllonl oy ) TT | 2 I1Pwil? 4,
N1>Ns k|l =2 N'>1
Ssup 0 S fundll oy sllvel oy s H ol oy
N1>Ns k|l

2 5 5
Ssp [ Sl | (S Iel2ey | Tl
Ny 1 N1 k Jj=2

5
=8 | ([
=1

Combining the different cases, gives the intended result.

N

O

Remark. Bourgain contributed with the idea of partitioning the biggest frequencies in
intervals of the size of the small frequency, in order to gain summable powers of the small
frequency, when applying LS-Strichartz. This allowed to treat the most difficult case in

the previous proof, case 3.

We can now combine the previous results to prove local well-posedness of quintic NLS

in H¢(T), for € > 0.
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Theorem 3.9. (NLS) on T, with quintic nonlinearity (p = 5), is locally well-posed in
HE(T), & > 0.

Proof. The proof follows the same ideas as in Theorem 3.7. The contraction mapping
argument is run in X eigtp , with 0 < p < 1 small enough.

To show that I'y, : Br — Bpg, one applies linear estimates (2.4) and (2.5), followed by
the quintilinear estimate (3.7) with p’ = p, and lastly Time-Localisation estimate (2.6),
gaining a power T'2.

To complete the contraction argument, use the same estimates and write |u|*u — |v
a telescoping sum,

v as

[ul*u oo = (u =) (Jul* +alul*7 + [u*]o]* + T@lo*D + [0]*) .

Local uniform continuity follows from application of the same estimates. O
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4 Korteweg-de Vries Type
Equations

For Korteweg-de Vries type equations, we want to run the contraction mapping argument
in X% with b = % Consequently, we require a refinement of the space to guarantee the
embedding into Cy ;.

Definition 4.1. Let s,b € R. The space Y° (R x T), abbreviated Y*?, is defined as
the closure of the Schwartz functions S; , (R x T) under the norm

b~
Jullyes := |[tn)(r —nYatr )|,

Remark. The definition of the Y**-spaces can be generalised to a polynomial h and to
the d-dimensional torus.

It is easily seen that Y5 ¢ CLH? for b > 0. For simplicity, we introduce the following
notation

Y®i= X570y
75 = Xrnys
and we will conduct the contraction mapping argument in Y*.

The linear estimates stated in Chapter 2 have analagous versions in Y°. Refer to [4]
for the proofs.

Proposition 4.2 (Homogeneous Linear Estimate). Let ugp € H and n € S a smooth
time cutoff. Then, )
In(t)e™"%uolys Spo Clluollzs;- (4.1)

Proposition 4.3 (Inhomogeneous Linear Estimate). Let s € R, b> 1, F € X%~ and
n € 8 a smooth cutoff function. Then,

InOZEF)lys S NE 1z (4.2)

In 1993, Bourgain [2] showed local well-posedness of KAV in L2(T), but it was the
following estimate, bilinear estimate, by Kenig-Ponce-Vega |6] which lead to improvement

of LWP theory for KdV.

Proposition 4.4 (Bilinear Estimate, KPV ‘96 [6]). Let s > —3, then

10z (B(w)Pv)|| 2 < [lul

~

ceglloll g+ el oy ol (43)
with P projection onto the space of mean zero functions, P(u) = u — fT u dz.

Remark. One can state the bilinear estimate in a simpler way

[B@rollze < lull g0l .
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but the X *35-norms will be important to apply the time localisation estimate. Notle that
b= % in this estimate justifies running the contraction mapping argument in X*?2.

Regarding modified and generalised KdV, the sharper results were shown by Kenig-
Ponce-Vega [6] and Colliander-Keel-Staffilani-Takaoka-Tao [4, 5. We state the main
nonlinear estimate by CKSTT, which coupled with the bilinear estimate, gives control
over the nonlinearity. The interested reader can find the proof in [5].

Proposition 4.5 (Nonlinear Estimate, CKSTT ‘04 [5]). For any s > 1,

V4
[Tw
j=1

p
S T gl (4.4)
j=1

1
Xs_l’j

In this chapter we start by proving Strichartz estimates. Using such estimates, one
can show the Bilinear Estimate (Proposition 4.4) and counter-examples asserting that
the assumptions are necessary for the result. Consequently, it is possible to show local
well-posedness of KAV in H™2(T), with a fixed mean.

For mKdV and gKdV, the bilinear estimate is not sufficient, thus we require Propo-
sition 4.5 to complete the contraction mapping argument. We include an overview of the
argument, without technical details.

The interested reader should refer to |2, 4, 5, 6] for more details.

4.1 Strichartz Estimates

The improvement in local well-posedness theory for NLS is partly due to Bourgain’s
sharp L*-Strichartz estimates, as for KdV.

Proposition 4.6 (Bourgain ‘93, [2]). Let u periodic in x and n € S; a smooth time
cutoff, then

Intull s gery S llull o (4.5)

Proof. The proof is analogous to that of Proposition 3.3, with the change in the hyper-
surface defining X*°, and up to the estimation of (3.2), which becomes showing that

) D B

R S
T1:7Z‘;’+O(M)

Te=n3+O(2* M)

Since [1 dr = O(M), because 7 = n$ + O(M), for ny fixed, the previous reduces to
showing
3 1< 22k 3,

n=ni+ng
T=n3+n3+0O(2F M)
Since n3 — n:f — n%’ = 3nning,

2 1
—3nning =7 —n® + O2"M) = 3n (m - g) =7— Zn:} + 02" M).

If |n| > (2¥M)3, then

2
(m - g) = Chnr + O2FM)3,
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showing that there are most (2% M )% choices for n; and na.
When |n| < (2¥M )%, by Minkowki’s integral inequality and Cauchy-Schwarz inequality,

—~ —_—
usrusenrliz, = || 32 [ @ilr )@ (= o) dn
’ n=ny+ny 'K (3162,
s| X [ i@l e e dn
n=ni+nga 2
1
2 o~ —
S| X ([ van) i@l @ el
IR g o(M) 2
n
1 _
S M2\l (n)llpzlligrar (5 —na)ll 2
ni Z%
Applying Cauchy-Schwarz inequality again, gives
1
1 3~
lunusenrlz, S ME( S0 1) awillg s Nagarlle e
In|< (2K M)
k 2
S 26 Ms,
which completes the proof. O

4.2 Bilinear Estimate

Before proving the bilinear estimate, we require an auxiliary result.

Lemma 4.7. Fizn € Z\ {0}. For any ni,ne € Z\ {0}, we have for all dyadic M > 1
that
{n € R |l ~ M, g = —3nngny + O((nnino)*H < M1,

for some § > 0.

Proof. Symmetry in ny,ng, allows us to assume |n;| > |na|. Consider two cases: |n| >
|n1| and |n| < |ng|.

Case 1: |n| > |ni| Suppose |u| ~ M and |n| ~ N, for M, N dyadic numbers. Then,
since |u| < |nf? and |n| < |u|, for some p € [1,3], M ~ NP. In addition, since u =
—3nning + O((nning)¢), we must have M ~ M%|n1n2] = |ning| ~ M'"%. There
are at most M’ multiples of M7 in the dyadic block {|u| ~ M}. Hen(lze, the set of

possible p satisfying the previous relation must lie inside a union of M 1% intervals of
size M¢, each of which contains an integer multiple of n. Then,

HpeeR: |pu| ~ M, p=—=3nninz + O((nning)} < M“vME < M1,

sincelﬁpﬁ?;andeﬁ%.

Case 2: |n| < |nq|

We have that |n1| < |p| and |p| < |ni[. If |n1| ~ N7, with Ny dyadic, we must have
M ~ N? for som p € [1,3] and the same argument used in Case 1 holds. O

The proof of the bilinear estimate relies on the so called denominator games, intro-
duced by Bourgain.
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Sl oy~ Thus, it

1
2

Proof of Proposition 4.4. Note that 0yv = P(9,v) and HavaXs,l
suffices to show the following estimate

102 (P(u1)P(u2))l zs-1 S Nluall oy lluall oy

for s > %, stated in Proposition 4.4.

We start by showing the bound on the X*®-norm, I := ||0, (P(u1)P(us2)) HXs,L,%,
_ 1
A e
= X (n)* Y n|(T — n®) " 2UL (71, 1m0 ) (72, n2) dmy
M= gy ez

Using the notation o := (1 — n3),0; 1= (1j — n?’), j =1,2, we have

— <n>sfl‘n‘ 1 R R
= > / (n1)*{ng)s—1 (00102)%f1(71,n2)f2(72,n2) dry ’

n=ni+ng__
T=T1+T: 27,2
1+72 2L2

1
with J/”; = ﬁ}(nﬁs*laf. Thus, it suffices to show that I < HJ/C\1H€3LL2HJ?2H€$LL%~
We know that n3—n:1)’—n% = 3nning, so T—n3 = Tl—ni)’—FTg—n?Q’—Bnmng and [3nning| <
max (o, 01,02). Since we are applying projections P to ui,us and the product, we can
assume that n,ni,ns # 0, as the associated Fourier coefficient for the 3 functions is equal
to zero. Then, |n| ~ (n),|n;| ~ (n;), j = 1,2, and using the fact that (n)* < (n1)*(ng),
for any « > 0, assuming s > %

(> Yn|  _ (m)* "3 (ng)* 2]z
<n1>s—1<n2>s—1 ~ <n1>s—1<n2>s—1

Substituting into the equation,

N[

~ |nn1n2\% < max(o,01,072)2.

1
max(o,01,09)2 ~ ~
I's Z (9,1 12) f1(71,n2) fa(12,m2) dry

e R (00102)% 2r2
2

We must consider different cases, depending on the value of max (o, 01, 09).

Case 1: 0 = max(0,01,02)
Substituting the value of max(o, 01, 02) gives

rs| > [ L

n=mitne_ri4q 01 03
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Denoting il by E, using Plancherel’s identity, Hélder’s inequality and L*-Strichartz

1
o2

<.

(4.5) gives
IS E ez, S I IRl S L oz 121 o,

il oy Il oy
= lJuall oy lluall oy
Case 2: 01 = max(0,01,09)

As a consequence of symmetry, this case is equivalent to o9 = max(c, 01, 02). Substitut-
ing the maximum value in the expression gives

5| ¥ [ ha
NEMAN2 — 1) 4y 7% oy 2212
Using duality,
IS sup Z / flf—%f—? dry drt.

7 202
Ifsllg 2 <tn=nitna _ 1\ 057

Denoting ﬁaz_l/2, }’;’0——1/2 by E,f’;, respectively, using Parseval’s identity, Holder’s
inequality and L*-Strichartz (4.5),

IS sup(fiFy, )z Ssup | fillpz (1Fallps (1Fsllps < supllfillzz [1F2l o1 15l o
= sup [[unll oon g lluzll on g 13l o2
< Nl r g izl oy
It remains to show the estimate for the Y=\ ~lmorm, IT := |0, (P(u1)P(u2)) ||y s-1.-1,

following the same ideas as before

max (o, 01,02) > =~
11 5 E T 1 Jifa dm
n=nitnz oofos

2Ll

Case 1: 01 = max(0,01,02)
As a consequence of symmetry, it is equivalent to consider o9 = max(o, 01, 02).
Substituting the value of max(o, o1, 02)

~

ITS Z / J_lﬁf—i dm

_ 2
R R 92 2Ll
1
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Denoting ﬁo’; 1/2 by f’;, using Cauchy-Schwarz inequality on Ll-norm gives

IT<|lo727°¢ Z / 0_%+Eflgdﬁ

n=n1tne_r 4o, 2211
n T

1
</ 0.—1—25 d7—> 2 Z / O_—%-‘FEEE dTl ,
R

NEAN2 — 1) 212
n-—r

IN

for any 0 < & the integral in 7 is finite. Using duality, Parseval’s identity, Holder’s
inequality and L*-Strichartz estimate (4.5)

IT<  sup (J?1 *E,Uﬁ%%fi’)é?m
N A/—/ n T
Hf3H52L2§1 N
ntT =:F3
Ssup(fiFe, Bz Ssup [ fillg, 1Pl IFsllne, < supllfilles, IE2ll oy 12

= sup [lurll o1 fluzll

1
x%3

Xs—l,% ||f3HXO,—%+E

IN

Jurll oo g lluall ooy s

by choosing 0 < € < %.

Case 2: 0 = max(0,01,09)
Substituting the value of max(o, 01, 02) gives

1 ~
|y ———fibdn
_ 00102)2
=AM — 1) (00102) 211
n-—T
We require an extra assumption on the size of o1 in order to gain a small power of o.
Case 2.1: 01 2 |nning|, for some € > 0

With the extra assumption

1
|nn1n2|2 ~ o~
IS E ——hifedn
_ o\0109)2
R (102) 211
n T
( )i -
max\o,01,092)2 o~
5 ) )
N E o1 T fifa dm
— o(0109)2
NEMAN2 = by ( L 2) 21
n T
- 1 “
S E — < ifedn
f4e 27,2
n:n1+n27_:7_1+7_2 o2 "0{ 04
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Using Cauchy-Schwarz inequality on the Ll-norm, Holder’s inequality and Strichartz
estimates, gives

~ ~

1
2
11— 1 2
IT < (/a ! 25d7> E / { *fl dm
1. 1
R n=n1+n2_r:7_1+7_2 012 022 L2
=:F =:F5

SIE s 1Bl S A oy 1Pl o

= llwall ooy lluall oy

Case 2.2: 01,09 S |nningl®, for some € > 0
Note that 7 — n? = (71 — n3) + (12 — n3) — 3nniny = —3nning + O((nn1n2)¢). Then,

_1J1 J2
II S E / g 27fl Ll dTl]lQ(n)(T — TL3) s
2 42
n=n1+n2T:T1 +72 01 03 211
n—T

with Q(n) ={{ € R: £ = —=3nningy + O((nn1n2)®), Yni,ng € Z, n = ny,na}
Using Cauchy-Schwarz inequality on the L!-norm, with fjajl/ ? denoted by Fj, j=1,2,
gives

NI

II
212

< ( [ = g = o) dr> AP
R

It remains to show that the integral is uniformly bounded with respect to n, since the

remaining part can be bounded as before. Using Lemma 4.7, with p = 7 — n?,

[0 0y e = /WW1 dit 3 [ ) o) du

1<M dyadiclMNM

1
<logl+ Y e > MM
1<M dyadic 1<M dyadic

= Z M < oo

1<M dyadic

which concludes the proof. O

4.2.1 Counter-Examples for Bilinear Estimate

The conditions imposed on the bilinear estimate are necessary, as we intend to show. If
we do not consider the projections P or s < —% the estimate fails, and if the estimate

1 . .
holds, we must have X*2-norms on the right-hand side.
Focus on the simpler version of the bilinear estimate, assuming w1, us have mean zero,
so that we can omit projections P,

10 (urug) || xso-1 S flunll oo uzl xss- (BE)

Note that it is equivalent to prove

nf(n)*  fi fo ,
> nlin” dr|  SlIAleclfles,  (BE)

n=ni+ng__
T=T1+T: 2712
1172 ZL2
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with fj := (m)%05u;, j =1,2.
1. (BE) fails for any s,b € R without mean zero condition. Let

fi(rn) = 1n(n)l<i(r —n?),
fo(T,n) = Lo(n)l<i (T — n?).

Then, n =ny +n2 = N and 7 —n3 = (11 —n3) + (12 — n2)? + 3nning = O(1). Moreover,
l<i(ri — N3) % 1<i(m2) > 1<1(7 — N3). Hence,

nl{n)® 1 1<i(m1 —ng) Lo(ne)1< To —mS
3 |<7|1<—Z ~(m )b_ (11 —n}) To(ng)L<i(m2 — n3) i
o1(n1)® oy (n2)®

NEMAN2 =7y oy 212
~ HN]lgl(Tl — Ng) * ]lgl(TQ)HLZ
Z N1t (7 = N?)| 2
~ N.

Looking at the right-hand side of the estimate,

11n(n1)l<i(m — nd)ll2rz ~ [1<i(m — N*)|lp2 ~ 1,
1Lo(n2) 1<t (r2a —m3)l2z2 ~ [1<1(m2)ll 2 ~ 1.

Therefore, (BE’) cannot hold for any s,b € R, and equivalently the bilinear estimate
(BE) does not hold for any s,b € R if the functions wu;, us do not have mean zero.

2. If (BE) holds, then b = 3. Let

Then, n =n; +ng = N and 7 —n3 = (11 —n}) + (12 — n3) + 3nnine = O(N?). Looking
at the left-hand side of (BE’), it is bounded from below by

N(N)*®
N2(1-b) <N _ 1>325

Lai(r — (N =1)*)*1<i(re— 1) 2 N*,

L2

using the same arguments as in the previous case. Similarly, looking at the right-hand
side of (BE’)

I fillz 2l follez 2 = [[1<1(m1 — (N — 1)3)HL31 [L<a(m = Dlizz, ~ 1.

Therefore, 1 —20 <0 = b < % By duality, (BE’) is equivalent to

Z In|(n)® J1ifaf3 i dr

(7= n®)170 (n1)*(n2)*(m1 — n)P (2 — n3)°

S Wl czliflle 2l fslle 2. (BE?)

=ML oy



Chapter 4. Korteweg-de Vries Type Equations 39

Let
fi(r,m) = In_a(n)1<i(m — nd),
Fa(Ta,m2) = T (ns) / ea(r — 72— (N = 1)¥) 1<y (r — N%) dr,
fa(r,n) = In(n)l<i(r —n?),

Then, |2 — nj| ~ N2. Looking at the left-hand side of (BE”), it is bounded from below
by

N{N)* B
/ Ms;swﬂﬂ(ﬁni’)ﬂq(fﬁ) dry dr| > N2,

=T1+T2

For the right-hand side of (BE"),

[ fillecz [ f2llz 2l fallez 2 S 1,

which implies 1 —20 <0 = b > % Consequently, b = %
3. If (BE) holds, then s > —1. Let

filri,n1) = Lyja(na)L<i(m1 — nd),
fa(T2,m2) = Lnja(n2) Lt (2 — nd).
Then, n = ny +ny = N and 7 — n® ~ N3. Proceeding as before, we find that the
left-hand side of (BE’) is bounded from below by

dr| > N'"SN2 =N"27%,

N<N>S/ L<i(r — N8)Lei(ry — N)
N% T=T1+T2 <N/2>25

L2

As before, the right-hand side of the estimate is similar to 1. Consequently, —% —s <
0 = —% <s.

4.3 Korteweg-de Vries Equation

We have the tools to prove local well-posedness of KAdV. However, to apply the Bilinear
Estimate (Proposition 4.4), we must have mean zero functions. Thus, consider the gauge
transformation u(t,x) — v(t,x) := u(t,x F ct), for some constant ¢ € R. Then, v solves
the following equation

v + 03v = (v — ¢)dyv, (4.6)

with initial data vg = ug.

It is easily seen that if v is smooth we have conservation of mean, i.e., fT v(t,z) doe =
fT vo(x) dzx, for all t € R. By a density argument, the conservation of mean can be
extended to v € CyHj. Therefore, we can fix ¢ = [;vo(x) d, so that in (4.6) the two
factors in the nonlinearity have mean zero, (U — fT v dm) and O,v.

By applying the gauge transformation with fixed ¢ € R, we are prescribing a mean
to the initial data. Therefore, we can prove the following result.

Theorem 4.8 (KPV ‘96, [6]). The Korteweg-de Vries equation, (KdV) with p =1 and
prescribed mean, is locally well-posed in H*(T) for s > —% and initial data ug with fized
mean.
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Remark. The LWP in H™2 is a consequence of condition s > —% in the bilinear estimate

(Proposition 4.4). Similarly, the need to apply the gauge transformation restricts the
result to initial data with fixed mean. Without fixing the mean, one can show failure of
uniform continuity of the solution map.

Proof of Theorem 4.5. The proof follows the same ideas as in Theorem 3.7.
By Duhamel formulation, define the solution map as follows

L) = )30 £ 1(6/7) [ 56— ((u= [ wdejonn) @) ar

with F{S(t)f} (n) = €™ f(n), ug € H*(T) with fixed norm, € S;(R) a smooth cutoff
and T € (0,1).

The contraction mapping argument is run in Y.

To show that I'y, : Br — Bg, one applies linear estimates (4.1) and (4.2), followed by
the bilinear estimate (4.3). Lastly, Time Localisation estimate (2.6) gives a power 77,

for 0 <6 < ¢.
To complete the contraction mapping argument and prove local uniform continuity, use
the same estimates, and proceed as in the proof for Theorem 3.7. O

4.4 Modified and Generalised KdV

In this section, we present the heuristics behind the contraction mapping argument for
mKdV and gKdV, without technical details. For the interested reader, refer to [5].

As for KdV, the bilinear estimate requires a modification of the equation. Considering
the gauge transfomation u(t,z) — v(t,x) = u(t,z F ct) with ¢ = [puP(t,x) dx, which
one can show to be conserved, gives

Oyv + a;”v =4 <vp — / P d:z:> 0.
T

Now, we can apply the bilinear estimate, but is not sufficient to complete the contraction
mapping argument. Thus, one needs multilinear estimate Proposition 4.5 to control the
nonlinearity. Applying the bilinear estimate to the nonlinear term gives

Hn(t/T) <vp— /T o d:):> Dy

one can gain a small power of T" by using the Time Localisation estimate, 0 < 6 < %7

Jote/7) (= [ ) oo

In order to control the norm of vP, we require a nonlinear estimate, Proposition 4.5.
However, this estimate requires s > %, which restricts the range of s for LWP. Using the
detailed approach, one can prove the following result.

SN oma gy I/ Tl o8

+ @/ TP o allvll oy

ZS

0
S TN omr g ol oy -
7S

Theorem 4.9 (CKSTT ‘04 [5]). Modified and Generalised KdV, (KdV) with p > 2, with
prescribed LP-norm, are locally well-posed in H*(T) for s > 3.
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5 Conclusion

The extended project focused on understanding the Fourier Restriction Norm Method,
proposed by Bourgain in 1993, to prove local well-posedness of nonlinear Schrédinger
and Korteweg-de Vries type equations, in the periodic setting.

The method uses harmonic analytic tools, through a contraction mapping argument in
the X% spaces. Recall that the space-time Fourier Transform of the linear homogeneous
solution is supported on a characteristic hypersurface. Consequently, as the method
follows a perturbative approach, the X*? spaces exploit the expected proximity of the
nonlinear solution, after time localisation, through its norm that penalises functions
which lie far from the hypersurface.

For the argument, one requires linear estimates, which are easily proven, and, most
importantly, nonlinear estimates. For the latter, Strichartz estimates are extremely use-
ful. However, unlike the real line setting, one cannot use the dispersion relation. Despite
such difficulties, Bourgain in [2| improved existing Strichartz estimates, simply with
Fourier analytic methods, which allowed for sharper nonlinear estimates.

For the nonlinear Schrodinger equation, Bourgain in [2] improved many of the known
well-posedness results, with two examples mentioned in Chapter 3, cubic and quintic NLS
on T. The nonlinear estimates presented exemplify the classical techniques associated
with the method.

For the Korteweg-de Vries type equations, Kenig, Ponce and Vega in [6] showed the
so-called Bilinear Estimate. Such result was sufficient to close the argument for KdV,
but not for higher order nonlinearities. Thus, for modified and generalised KdV, CKSTT
in [5] showed additional nonlinear estimates. It is important to note the need to use the
gauge transformation, which narrows down the results to certain families of inital data.
Namely, for nonlinearity uP0,u one needs to prescribe the LP-norm of the initial data to
have uniform continuity of the solution map.

In the future, the author intends to focus on ill-posedness results for the KdV type
equations, and consider the Fourier Restriction Norm Method in the context of Fourier-
Lebesgue spaces, for modified and generalised KdV in the periodic setting.
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